Abstract. For a compactly generated LCA group G, it is shown that the set H(G) of all generalized characters on G equipped with the compact-open topology is a LCA group and H(G) = G (the dual group of G) if and only if G is compact. Both results fail for arbitrary LCA groups. Further, if G is second countable, then the Gel'fand space of the commutative convolution algebra C c (G) equipped with the inductive limit topology is topologically homeomorphic to H(G).
Introduction
Throughout, let G be a LCA group with Haar measure λ and let G denote the dual group of G, i.e., the set of all characters on G. Then it is well-known that G is a LCA group in compact-open topology. A generalized character on G is a continuous function α: G −→ C • , where C • = C\{0} such that α(s + t) = α(s)α(t), s,t ∈ G. Let H(G) denote the set of all generalized characters on G equipped with the compact-open topology. For α, β ∈ H(G), define (α + β )(s) = α(s)β (s), s ∈ G. Then (H(G), +) is an abelian topological group (23.34(b) of [4] ). It is straightforward to verify that H(Z) ∼ = (C • , ×) and H(T) ∼ = (Z, +), where T is the unit circle in C.
Let C c (G) denote the set of all complex-valued continuous functions on G with compact support. Then C c (G) is a commutative algebra with respect to the usual convolution product. Let τ denote the inductive limit topology on C c (G). Then, by Lemma 2.1, p. 114 of [6] , (C c (G), τ) is a commutative topological algebra.
In this paper our main goal is to show that if G is compactly generated, then H(G) is a LCA group and that H(G) = G if and only if G is compact. Both results fail for LCA groups. The results appear to be a mathematical folklore; however we failed to find a proof in the literature. In fact, the present note arises out of our investigations of uniform norms in Beurling algebras and weighted measure algebras [1, 2] . As an application we show that if, further, G is second countable, then the Gel'fand space ∆(C c (G)) of C c (G) is homeomorphic to H(G); in particular, ∆(C c (G)) is a locally compact space.
Generalized characters
Lemma 2.1. Let m > 1 be an integer and let 0 < ε < 1/m. Then there exists a natural number N such that, for each complex number z satisfying ε ≤ |z − 1| ≤ 1/m, there exists
Proof. For r > 0 and for z ∈ C, let Γ(z, r) denote the circle with radius r and center z. For δ > 0, let L δ := {re iδ : r > 0}, the open ray with angle δ . Choose 0 < δ < π/2 such that L δ cuts the circle Γ(1, ε) in two points z 0 = r 0 e iδ and z 1 = r 1 e iδ , where r 0 < 1 < r 1 . Now fix z = re iθ such that ε ≤ |z − 1| ≤ 1/m. Then |θ | < π/2. Without loss of generality, we may assume that θ ≥ 0. Then we have the following three possibilities: 
Proof.
(i) Fix an integer m > 1. Define V m := {z ∈ C: |z − 1| < 1/m}. Since G is a compactly generated LCA group, there exists a neighbourhood U of 0 in G such that its closure U is compact and it generates G due to Theorem 5.13 of [4] . Take
So we may assume that ε < 1/m. Then, by Lemma 2.1, one can find an integer N such that, for each ε ≤ |z − 1| ≤ 1/m, there exists 1
On the other hand, kt ∈ U and so |α(kt) − 1| ≤ 1/m. This is a contradiction. Hence, we have
This proves that T m is equicontinuous at 0 in G. Finally, let t ∈ G be arbitrary. Since G is generated by U,
By the above argument, one can choose a neighbourhood W of 0 in G such that
This proves that T m is equicontinuous. So its closure Cl p (T m ) in the pointwise topology is equicontinuous (p. 17 of [5] ).
For the converse, assume that H(G) = G and G is compactly generated. Then, by Theorem 9.8 of [4] , G is topologically isomorphic to R m × Z n × K for some non-negative integers m, n and some compact group K.
.34(c) of [4] . This implies that we
The following is an alternative proof of Theorem 2.2(i). By the structure theory, a compactly generated LCA group G is a direct product of R n , Z m , and a compact group. By 23.34(c) of [4] ,
So it is enough to show that H(G) is locally compact for G = Z and G = R. It is easy to see for G = Z. Observe that every continuous homomorphism ψ: R −→ C is differentiable and satisfies ψ ′ (t) = ψ(0)ψ(t),t ∈ R, and so ψ(t) = exp(zt)
for a unique complex number z. Thus the map Λ: H(R) −→ (C, +) is a bijective map. For 0 < ε < 1, let W n,ε = {z: |e zx − 1| < ε, x ∈ [−n, n]}. Then it is easy to see that
where u n,ε = (e −2|α|n + 1 − ε 2 )/(2e |α|n ). Thus the mapping Λ is open. Now for 0 < δ < 1,
So Λ is continuous. This completes the proof. (ii) Let G be an infinite abelian group having all elements of finite order and the topology being the discrete topology. Let α ∈ H(G) and let s ∈ G. Then there exists a natural number n such that ns = 0 and so α(s) n = α(ns) = α(0) = 1, i.e., |α(s)| = 1. Hence α ∈ G. Thus H(G) = G and G is not compact. 
Gel'fand space of
First, assume that s = 0. Let U be a symmetric neighbourhood of 0 in G such that s n ∈ U (n ∈ N) and U is compact. Let K = U + supp f . Then K is compact, and the supports of τ s n f and f are contained in K. Let ε > 0. Since f | K is continuous and since K is a compact metric space, f : K −→ C is uniformly continuous. Let δ > 0 such that
Choose n 0 ∈ N such that d(s n , 0) < δ (n ≥ n 0 ). Finally, let t ∈ K and let n ≥ n 0 .
Theorem 3.2. Let G be second countable. Let T : H(G) −→ ∆(C c (G)) be defined as T (α) = ϕ α . Then T is a bijective continuous map.
Proof. The mapping T is clearly one-to-one. To show that T is onto, let ϕ ∈ ∆(C c (G)). Then, for all s ∈ G and for all f ∈ C c (G),
Note that α does not depend on f ; because if g ∈ C c (G) is another function such that ϕ(g) = 0, then
Since G is second countable, the mapping G −→ C c (G); s −→ τ s f is continuous due to Lemma 3.1. Hence α is continuous. Thus α ∈ H(G). Let µ ∈ M loc (G) be the Radon measure corresponding to ϕ (p. 838 of [3] ). Then, for g ∈ C c (G),
Thus ϕ = ϕ α . Hence T is bijective. Now it is easy to show that T is continuous. 2
forms a basis for some topology on H(G). Let τ g denote the topology on H(G) generated by this basis. Then τ g ⊆ τ co on H(G). Let H(G) denote the H(G) equipped with the topology τ g . We say that
Then ω is a weight on R such that ∆(L 1 (R, ω)) ∼ = Π −r,r := {x + iy ∈ C: − r ≤ x ≤ r} due to Theorem 4.7.33, p. 533 of [3] .
Proof. In the first two cases, it is enough to prove that the point evaluation map e: G × H(G) −→ C is continuous due to Corollary 13.1.1, p. 281 of [7] .
Hence e(g, α) = α(g) ∈ V . Thus the map e is continuous.
Hence β 1 ∈ B(α 1 ; δ 1 ; f 1 , . . . , f m ); and so
If G is compactly generated, then H(G) = H(G).
Proof. Since G is compactly generated, G ∼ = R m ×Z n ×K, where m and n are non-negative integers and K is a compact group due to Theorem 9.8 of [4] . Now the result follows from Theorems 3.5 and 3.6. 2 COROLLARY 3.8. Since G is discrete, α γ −→ α in H(G). Hence the result is proved. 2 Remark 3.10.
If G is second countable and compactly generated, then H(G)
(i) Let G be as in Example 2.4(i). Then ∆(C c (G)) ∼ = H(G) is not locally compact.
(ii) If the condition "second countable" in Lemma 3.1 can be dropped, then the same can be dropped from Corollary 3.8; in this case, ∆(C c (G)) is locally compact for all compactly generated LCA groups.
